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ON THE CONTINUITY OF GROUPS GENERATED BY 
INFINITESIMAL TRANSFORMATIONS. 

By Stephen Elmer Slocum, 
Fellow in Mathematics, Clark University, Worcester, Mass. 

Presented by Henry Taber, May 9, 1900. Received June 20, 1900. 
§ 1. 

The publication of the results of Professor Sophus Lie's investigations 
in the theory of finite continuous groups, embodied in papers appearing 
from 1870 to 1898, chiefly in the " Archiv for Mathematik og Naturvi- 
denskab" and the " Forhandlingar i Videnskabs Selskabet i Christiania," 
and the systematic presentation of his theory in six large volumes, pub- 
lished during the years 1888-1893, opened to mathematicians a new and 
exceedingly rich field of investigation. As a creator and pioneer in this 
field, Professor Lie's aim was to outline his theory as broadly as possible, 
not stopping to obtain entirely rigorous demonstrations of his theorems ; 
and it is not surprising to find that certain of these theorems, and of the 
fundamental conceptions of his theory, require modification. Thus it 
appears from a discovery of Study's, mentioned below, that the chief 
theorem of Lie's theory holds, in general, only in the neighborhood of the 
identical transformation, and, as a consequence of this fact, that the con- 
ception of isomorphism, as developed by Lie, requires modification. 

The chief theorem of Lie's theory is that r independent infinitesimal 
transformations,* whose symbols are 

n g 

As = ■*» ia \X r . . . X n ) ^r 

(i = 1, 2 . . . r) 

(where the £'s are analytic functions of n independent variables x t . . . x n ) 
generate an r-parameter (r-gliedrige) group, in which each transformation 

* Lie terms the symbols of infinitesimal transformation X 1 . . . X r independent 
if the J's satisfy no linear homogeneous relations of the form 

«1 hi (*)+...+ e r | lr (x) = 
simultaneously for t = 1, 2 . . . n, with coefficients e independent of the x's. 
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is generated by an infinitesimal transformation of the group, if and only 
if the X-i . . . X r fulfil relations of the form 

r 

(Xj, X k ) == 2 s c its X, 
(j,k = l,2*. .r), 

where (X s , X k ) denotes the alternant Xj X k — X k X } , and the coefficients 
c Jks are quantities independent of the x's.* 

In Volume XXXV. of the " Proceedings of the American Academy of 
Arts and Sciences," pp. 289 et seq., I pointed out an error in the demon- 
stration of what Lie calls the first fundamental theorem,! upon which 
he bases the demonstration of his chief theorem. This error consists in 
neglecting conditions imposed at the outset upon certain auxiliary quan- 
tities fi x , fx 2 . . . /x r , introduced in the course of the demonstration. Thus 
in the " Continuierliche Gruppen," pp. 372-376 (and substantially in 
"Transformationsgruppen," III. pp. 558-564), Lie proceeds as follows : 
Being given at the outset a family with an oo r of transformations T a , de- 
fined by the equations 

x i — ft ( x l > • • • x n ; a i > • • • a r) 
(8 = 1,2.. . n), 

containing the identical transformation, and such, moreover, that the x"s 
satisfy a certain system of differential equations, he defines by the intro- 
duction of new parameters /x a family of transformations JE^, 

x't = F € (x\, . . . x' n , [i 1} . . . /x r ) 
(i = l, 2. . . n), 

each of which is generated by an infinitesimal transformation. Lie then 
establishes the symbolic equation 



* Transformationsgruppen, III. 590; Continuierliche Gruppen, 211, 305, 390. 
t Transformationsgruppen, III. 563; Continuierliche Gruppen, 376. 
t If the equations defining the families of transformations T u and E^ are, 
respectively, 

x'i -.U (*i • ■ ■ x n > a i • • • a r> 
(i = 1,2 ... n), 
and 

x 'i= F i' x 'l • • • x '„> Ml • • • M r ) 
(, = 1,2 . . . »), 
the symbolic equation T B E^ = T a is equivalent to the simultaneous system of 
equations 
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where the a's and p's are arbitrary, and 

«* = $* Oi • • • Mr, «i • • • «r) 
(A = 1, 2 ... r), 

the "t's being independent functions of the /it's. For 

(0) 

«* = % 
(fr = 1, 2 . . . r), 

the transformation 7^ becomes the identical transformation ; and there- 
fore we have 

where 

. , (0) (Ok 

«* = ** 0*1 • • • H-r> «1 • • • «r ) 

(A = 1, 2 ... r). 

Thus every transformation of the family E^ is a transformation of the 
family T a . If, conversely, we could show that, for arbitrary values of 
the a's, every transformation T a belonged to the family E , it would 
follow that 

t, T a = r a ,t 

that is to say, we should then have shown that the family of transforma- 
tions T a forms a group. 

But, although the <&'s are independent functions of the /x's, nevertheless 
the fj.'s in certain cases may be infinite for certain systems of values of 
the a's ; and infinite values of the /a's, by their definition, are excluded 



*' i =f i ( x i ■ • • X „' d l • • • & r )< 
* t = F i(*'\ ■ ■ ■ *'„< Mi • • • f r ), (i = l,2 . . . n), 
x ' ( =/ 4 (*i • • ■ * n . «i • • ■ «.)> 
or, to the functional equations 

F i {/ X {x,a) . . ./Jx, a), /j.! . . . M) .)=/.(x, . . . x % , a x . . . a.) 
(i = 1, 2 . . . »). 
* That is, 
F.(5' x . . . x' n , n 1 .../i r ) = F i (/ x (x, a m )...fjx, d°), mi . . . n r ) =f i (x 1 ... x n , oj . . . aj 

(i = 1, 2 . . . n), 
since 

*, =/,(*!■ ••*„>«?' • ••«T) 
(i = i, a . . . s). 

t That is 

/,(/i(*> a) . . . /Jx, a), o t . . . a.) =/ t (ii . . . *„, a x . . . a.) 

(i = 1, 2 . . . »). 



OO PROCEEDINGS OF THE AMERICAN ACADEMY. 

at the outset. * We cannot then assume that every transformation T a 
belongs to the family E . 

We may, however, proceed as follows : For all values of the a's for 
which the functions y, } — M } (a t . . . a r , a^ . . . a r ,0) ) (J — 1, 2 ... r) 
are finite, we have 

T a T a = T a E^= T a , 
that is, 

f,(fi(x,a) • ■ -fn(x, «), a x . . . a r ) = F i {f 1 {x, a) . . . f n (x, a), m . . . /v) 

— f t (x 1 ... x n , a x ... a r ) 
(i = l, 2 . . . n). 

Let /?!, /? 2 . • • he a system of values of the a's for which one, or more, 
of the corresponding /x's is infinite. Also let b t , b. 2 . . . be the system 
of values assumed by the a's for a k = j3 k (k = 1, 2 . . . r). Since the 
functions / are continuous functions of the variables and parameters, and 
since we assume that the system of parameters /3 give a definite transfor- 
mation T & of the family, we have 

fi (/i (x, a) . . . f n (x, a), /?!...&)• 

= lim - fi (/l ( x , «)•••/» (*, a), aj . . . a,.) 

= lim. f t (x x . . . x n , a x . . . a r ) =f i (x 1 .. . x n , b x . . . b r ) 

a— b 

(i = l, 2 . . . n), 

which is equivalent to the symbolic equation 

T a T„ = r a lim. T a = lim. r a T a = lim. 7«. = T b . 

Consequently, the composition of two arbitrary transformations T s and 
To of the family is equivalent to a transformation T h of this family ; that 
is to say, the family of transformations T a forms a group. The transfor- 
mation T b . however, may not be a transformation of the group that can 
be generated by an infinitesimal transformation of the group. Thus, 
every transformation of a group with continuous parameters and con- 
taining the identical transformation is not necessarily generated by an 
infinitesimal transformation of the group.f 

Professors Study and Engel were the first to point this out, and thus 
establish a distinction between a group with continuous parameters and 
a continuous group. \ They found that not every transformation of the 



* These Proceedings, XXXV. 247. 
t These Proceedings, XXXV. 483-485. 
} Engel: Leipziger Bcrichte, 1892. 
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special linear homogeneous group can be generated by an infinitesimal 
transformation of the group, and consequently this group is not properly 
continuous in the sense in which Lie uses the term. Since this impor- 
tant discovery, the subject of continuity has been investigated for the 
case of the general linear homogeneous group and its sub-groups, as well 
as for various other groups, by Professor Taber and his pupils, and from 
a geometrical standpoint by Professors Newson and Emch. * 

This paper contains an investigation of the relation of the continuity 
of a group generated by infinitesimal transformations to its structure 
{Zusammensetzung), and the classification of all possible types of structure 
of complex groups with two, three, and four parameters with reference 
to the continuity of groups of these types. All possible types of groups 
with two, three, and four parameters can be divided into three classes. 
Every group is continuous whose structure is of a type belonging to the 
first class ; every group is discontinuous whose structure is of a type 
drawn from the second class ; and of the groups whose structure is of a 
type belonging to the third class, some are continuous and some are 
discontinuous. The parameter group of a given group G r has the same 
structure as G r ; and every group of a given structure has the same 
parameter group. In every case which I have examined, the parameter 
group is discontinuous unless its type of structure is of the first class. I 
have considered not only complex groups, but also real groups generated 
by infinitesimal transformations. 

§2. 

The criterion for the continuity of an /--parameter group G r is obtained 
as follows. Let X x . . . X r be any system of independent infinitesimal 
transformations of G r . The equations of G r in their canonical form f 
are then 

(1) x'i=fi (xi ■ . . x n , a x . . . a r ) 

(i = 1,2 . . . n), 

where / 4 (x, a), for i — 1, 2 ... n, is defined in the neighborhood of 
the identical transformation by the series 

* Taber; Am. Jour. Maths., XVI.; Ball. Am. Math. Soc, July, 1894, April, 
1896, Jan. 1897, Feb. 1900; Math. Ann., XL VI.; These Proceedings, XXXV. 577. 
Hettger : These Proceedings, XXXIII. 493-499 ; Am. Jour. Maths., XXII. "Wil- 
liams: These Proceedings, XXXV. 97-107. Newson : Kansas Univ. Quart, IV., V. 
1896. Emch: Kansas Univ. Quart., IV., V. 1896. 

t Transformationsgruppen, I. 171, III. 607; Continuierliche Gruppen, 454. 
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r \ r r 

x t + 5, ctj XjX t + —^ 2,- 2 k aj a k Xj X k x t + . . . 

The transformation defined by equations (1) (the general transformation 
of this group) may be denoted by T a . For finite values of the parame- 
ters a 1; a 2 . . . a r , the transformation T a is generated by the infinites- 
imal transformation 

a x X-l + a 2 X 2 + . . . + a r X r ; 

but for infinite values of a lt a 2 . . . a r , T a is not generated by an infin- 
itesimal transformation of the group unless T a = T a , the parameters 
ai, a* ... Or being all finite.* The transformation T b is defined by 

(2) x" i =f i {x\. . .x',,,1,. .. b r ) 

(i = 1, 2 . . . n) j 

and the transformation T h T a , obtained by the composition of the trans- 
formations T^ and T h ,^ is equivalent to a transformation T c , defined by 

(3) x" K =/,(x 1 . . . x,„ c x . . . c r ) 

(i = 1, 2 . . . n), 
where 

(4) c k = cp k («! . . . a r , 5, . . . b r ) 

(k = 1, 2 . . . r). 

If the c's can be taken finite for every finite system of values of the a's 
and b's, the group is continuous. If, however, it is possible to assign 
finite values to the a's and b's such that in each system of values of the 
c's one (or more) of the c's becomes infinite, the transformation T b T a 
cannot be generated by an infinitesimal transformation of the group, 
and consequently the group is discontinuous.:]: A transformation which 
cannot be generated by an infinitesimal transformation of the group may 
be termed essentially singular. § If the parameters a and b are taken suf- 
ficiently small, the transformation T b T a can always be generated by an 
infinitesimal transformation, and, consequently, Lie's chief theorem holds 
in the neighborhood of the identical transformation. 

* Taber: These Proceedings, XXXV. 579. 

t T.T will denote the transformation obtained by applying to the manifold 
Ixi ... x ) first the transformation T and then the transformation T. . Lie 
denotes this resultant transformation by T a T b . 

% Cf. Rettger: Am. Jour. Maths., XXII. 

§ Taber : Bull. Am. Math. Soc, VI. 199-203 ; These Proceedings, XXXV. 580. 
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If the system of equations (4) be written in the form 

(5) a' k — 4> k {a t . . . a r , a x . . . a r ) 

(k = 1, 2 . . . >•), 
it can be shown that they define an r-parameter group in the variables 
a and a', with parameters a x . . . a r . That is to say, from 

(5) a' k = cj> k («! . . . a r , <*! . . . a r ) 

(fc = 1, 2 . . . r) 
and 

(6) «"* = <KO'i • • • «'r, A • . • P r ) 

(k = 1, 2 ... r), 
we have 

(7) a" 4 = 0»(ai . . . a,., yi . . . y r ) 

(fc = 1, 2 . . . r), 
where 

(8) yy = fc(ai • • • a^jSa . . . ft.) 

. (/=l,2...r). 

The group thus defined is termed the parameter group of the group G r .* 
Since the equations defining the transformations of the parameter group 
involve the functions <f>, this group is especially important in the study 
of groups generated by infinitesimal transformations. 

In general there is more than one system of functions <£ such that 

-*c = A '«) 
provided 

c, = <£,-(«! . . . a r , b t . . . b r ) 
(j = 1,2 . . . r). 

But it may happen that the equations defining one group of a given 
structure restrict the functions c to fewer systems of values than in the 
case of another group of the same structure. Thus it is possible that of 
two groups of a given structure one shall be continuous and the other 
discontinuous, f 

These statements are exemplified by a consideration of two groups 
G? 2 and G 2 , whose infinitesimal transformations are, respectively, p u 
x 1 p 1) and p 2 , x 2 j» 2 + Pi-t Both of these groups have the structure 

* Transformationsgruppen, I. 401 et seq. 
t Cf. Bull. Am. Math. Soc, VI. 202. 

} Throughout this paper Lie's notation will be followed, in accordance with 
which 

— d _ d _ d 

^-dT,' p *~dT 2 ' ■ ■ ■ p r-dT- 
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(Xx, X 2 ) = Xi . The canonical form of the finite equations of the group 
Pi, *iPi is 

(9) ^ = ^ + |(^-l), 

X 2 — '- X 2 ■ 

These equations define the transformation T a of G 2 . Similarly, the 
equations defining the transformation T h of G 2 are 

~" _ ~f J, a. tl ( e h _ \\ 

(10) x 1 -ar 1 e +^{e I), 

X 2 = — ^ 2 • 

The transformation 7), 7 1 ,,, obtained by the composition of the transfor- 
mations T a and T h , is defined by 

*", = e"* + J ° *, + ^ (««« _ 1) «»• + £ (/> - 1), 
(It J a 2 o 2 

and, if this is equivalent to a transformation T c of the group, we have 
also 

(12) A = ^ + ^-l), 

Therefore 

Cl = <H±_h + 2jUV^l h «x _ + ft, ^ _ j 

e "2 + *s — J a 2 o 2 

(13) = <£,(«,, a 2 , ft,, ft 2 ), 

c 2 = a 2 + ft 2 + 2 k -k V— 1 , = <f> 2 (a, , a 2 » *i , &i), 

where £ is an arbitrary integer. Consequently for G 2 there is more 
than one system of functions <f>. Provided ct 2 + ft 2 is not an even multi- 
ple of w V— 1> every system of values of c, and c 2 is finite. For 
a 2 + ft 2 = 2 kit V — 1, c 2 is finite, but the denominator of c, becomes 
zero. In this case, however, that system of values of r, corresponding 
to h = — k is finite. Consequently the parameters c, and c 2 can always 
be chosen finite, and therefore G 2 is continuous. 

For the group G 2 , whose infinitesimal transformations are p 2 , 
x-iPi + Pu T a is defined by 

X \ = x l -\- (X 2 , 

a:' 2 = x 2 e"'- + — {e> -1), 
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and T t by 

x i = x i -j- c»2 ? 
05) . 

*', = *,* + ■£(*-!). 

°2 

Consequently the transformation 7^ T a is defined by 

*"l = *1 + «2 + &2> 



(16) 



a: 2 <,«*+** + <A^ ( e «. _ 1) + J ( e h _ i) ; 

#2 ^2 



whence, if r, r„ = T c , 

(yi\ e — 1 "2 "2 

«2 = «2 + ^2- EE <f>2 («I> a 2. *1> ^)- 

In this case there is but one system of functions <£. If, now, a 2 + b 2 is 
an even multiple of tt \/ — 1, c 2 is finite, but c t is infinite ; that is, there 
is no finite parameter Cj corresponding to this choice of the parameters 
a and b. Consequently, if a 2 + 5 2 = 2 k it \/— 1+0, T h T a cannot be 
generated by an infinitesimal transformation of the group, and therefore 
G 2 is discontinuous.* 

Lie states that two groups having the same structure are (holohedri- 
cally) isomorphic ; but the groups G 2 ' and C? 2 2) are not properly isomor- 
phic, except in the neighborhood of the identical transformation, since one 
is continuous and the other discontinuous. Whence it appears that the 
conception of isomorphism, as developed by Lie, requires modification. 

The parameter group of G 2 ' is defined by the equations 

= a t + a,+ 2k*V=l a, _ a* _ 

e"iH-a, _ , L a 2 a» Ji 

(13 a) 

a'i = a 2 + <*2 + 2 h tt \/— 1, 

* For the group - 2 ^J, J ( Xl p x - :r 2 p 2 ), which also lias the structure 
(X lt X 2 ) =z Xi, we have 

e ^ a2 + 6 +4^V~l [A a (e a 2 _ 1) + ^ 1(A _ 1)]S0 
e 2 2 — 1 a 2 °2 

«2 = a 2 + h + ^k-K aJ— 1 ; = <j> 2 (a 1( a 2 , 6j , b 2 ), 

and if a 2 + 6 2 = 2 (2 k + 1) tt y 7 — 1, where k is an integer, e a is always infinite. 
Consequently this group is also discontinuous. 
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where k is any integer, and of G% by the equations 

= «» + °1 [^ (e a 2 _ 1} + ^ (e «, _ !)-, 

e "2 + a »_ 1 L a 2 a 2 /J 

(17 a) 

a' 2 = o 2 + a 2 . 

Nevertheless, for any value of k, the parameter group of G% is identical 
with the parameter group of G 2 . For let S a denote the transformation 
defined by equations (13 a), and S a the transformation defined by 
equations (17 a). Then for any system of values of a l5 a 2 , and for any 
value of &, we have, by properly choosing p x , /S 2 , 

o a — o^ , 

which symbolic equation persists for /? x , /? 2 , and k arbitrary, if a u a 2 are 
properly chosen.* 

Let T a be an arbitrary transformation of G„ defined by the equations 

r ^ \ r r 

x'i = X,+ 2} a-j X,X t + — lj l k aj a k Xj X t X t + . . . 

1 Z I l j 

(i = 1, 2 . . . n). 

The transformation T^~ , inverse to T a , is then defined by the equa- 
tions which we obtain on replacing m, a 2 . . . by their negatives.! 
Compound the transformation T a and its inverse with each transforma- 
tion T a of G r so as to obtain the transformation T a T a T~ , which is also 
a transformation of G r ; and let 

(18) T a ,= T a r a T-\t 

Let 

(19) T a ,,= r,T a ,T-\ 

Then, if 

(20) T y = T,T a , 

we have 

(-21) T a „=T y T a r;\ 

* Equations (13 a) may be regarded as defining a group with three parameters 
a 1} a ir and k, of which two, a x and o 2 , vary continuously, and one, namely k, takes 
only integer values. But this group is not a mixed group, since we have shown 
that k is unessential, that is, it is immaterial what value is assigned to k. 

t Transformationsgruppen, I. 52, 53. 

X The transformation T a > is said by Lie to be obtained by the application (Aus- 
filhung) of T a to the transformations T a of G r . Cf. Lie : Continuierliche Grup- 
pen, 445 et seq. 
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The symbolic equation (18) may be regarded as defining a transfor- 
mation between the parameters a and a' of G n and is equivalent to r 
equations of the form 

(22) <t,=F s (ai ■ ■ ■ a r ,a x . . . a,) 

U = 1, a . . . r). 
Similarly, (19) is equivalent to 

a" 1 ^F j (a\ . . . a' r ,^ . . . f3 r ) 

(,/ = 1,2 . . . r), 
and (21) to 

a "s = F i ("i • ■ • «r> yi • • • 7r) 
= 1,2. . .r), 
and, in virtue of (20), 

Yj = <fe(°i • • • cv,/3j . . . /? r ) 
U = 1, 2 . . . r). 

Thus equations (22) define a group r, which is termed the adjoined of 
G r .* The number of variables of the group T is r, and it contains r 
parameters, but these are not necessarily all essential. The number of 
essential parameters in T is less than r by one for each independent infin- 
itesimal transformation of G r commutative with each of the infinitesimal 
transformations X x . . . X r .\ Thus, if G r contains just s such independ- 
ent infinitesimal transformations, T is an (r — s)-parameter group. 

The canonical form of the equations defining the transformation T of 
Gf» is 

(9 a) ^ = *,«- + J (*"-l), 



and consequently, if T a , = T a T a T a ', we have 

, a« -4- 2k-7r\/ — 1 a, 

a'j = _LZ v fll e -"*-(a 2 +2k7r V- 1) - (e~° 2 -1) 



(23) "2 

a' 2 = a 2 + 2£tt V 17 ! = -F 2 (a u a 2 , ai , a 2 ), 

where h is an arbitrary integer. The family of transformations between 
the variables a and a' which we obtain for any assigned integer value of 

* Transformationsgruppen, I. 272, 275 ; III. 607-670. Continuierliclie Gruppen, 
454-455. 

t Transformationsgruppen, I. 277. 
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k interchanges the transformations of G. 2 (so that T a becomes TJ), but 
this family of transformations does not form a group, except for k — ; in 
which case it is the adjoined of G 2 . This adjoined group, r , is gener- 
ated by the infinitesimal transformations 

9 9 

9 «i 9 a t 

We may regard a t , a 2 , and k as parameters, a 1; a 2 varying continu- 
ously, and k taking only integer values, and then we have a family of 
transformations (interchanging the transformations of G 2 ) that forms a 
mixed group, of which r (1) is a sub-group. Only those transformations 
of this mixed group which belong to r (1) are generated by an infinitesimal 
transformation of this mixed group. This mixed group might be called 
the adjoined of G 2 , in which case the adjoined of a given group G r would 
appear as a mixed group containing more than r parameters, some of 
which, however, do not vary continuously. 

In the case of the group G a the transformation T a is defined by the 



equations 
(14 a) 



o/j = X t + a 2 , 

x \ = x 2 e a * + -(e a *- 1), 
a 2 



and if T a , = T a T a T~ , we have 

a\ = a x e - " 2 — a 2 — (e~° 2 — 1) = F x (a 1} a 2 , a 1; a 2 ), 

(24) " 2 

</ 2 = a 2 = F 2 (a lt a 2 , a 1; a 2 ). 

Consequently the adjoined of the group G 2 cannot be regarded as a 
mixed group. Thus the equations of the adjoined, obtained from the 
symbolic equation T a , = T a T a T~ x , are not necessarily all linear and 
homogeneous. However, they will always include one system of linear 
homogeneous equations that define a family of transformations generated 
by infinitesimal transformations, and forming a group. 

Lie has shown that if X x . . . X r generate an r-parameter group 
G r in the n variables x x . . . x„, and subject to the conditions 

(Xj, X k ) =5 2 8 c, te A s 
(j, k = 1, 2 . . . r), 

the c's being the structural constants, the adjoined group is generated by 
the infinitesimal transformations 
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(v = \, 2 . . . r), 

and Ex ... St satisfy the conditions 

{j, k = 1, 2 . . . r).* 

The infinitesimal transformations E t . . . E r , however, are not neces- 
sarily all independent. The number of independent infinitesimal trans- 
formations of the adjoined of G r will be one less for each infinitesimal 
transformation of G r that is commutative with every infinitesimal trans- 
formation of G r (ausgezeichnete Transformation), as mentioned above, 
page 95. Such a transformation will be called an extraordinary trans- 
formation of G r . It follows, from what has been said, that every group 
of the same structure has the same adjoined. If G r contains no extraor- 
dinary transformation, G r and V have the same structure. If T con- 
tains an essentially singular transformation, G r must also contain at least 
one essentially singular transformation. Therefore, if V is discontinuous, 
every group of which T is the adjoined is discontinuous.f But V is not 
necessarily discontinuous if G r contains an essentially singular trans- 
formation. 

By Lie's theorem,}: the infinitesimal transformations of the adjoined of 
G2 and also of G % (since both have the same structure) are 

3 3 

— a 2 , ai , 

3 «i 3 a t 

and thus the finite equations of the adjoined are 

a\ = »! e«* - a 2 ^ (e«* — 1), 
(10) a 2 

rt 2 — - ^2? 

which result agrees with the equations deduced page 95. 

§3. 

In what follows I shall denote by a, /?, y, respectively, the following 
differential operators : 

* Transformationsgruppen, I. 275 ; Continuierliche Gruppen, pp. 466-467. 
t Taber: Bull. Am. Math. Soc, VI. 203; These Proceedings, XXXV. 590. 
X Cf. Continuierliche Gruppen, p. 467. 

VOL. XXXVI. — 7 
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a = a x Xi + a 2 X 2 + . . . + a r X r , 
/3 = b l X 1 + b 2 X 2 + . . . + b r X r , 
y = c\ ^1 + c 2 X 2 + . . . + c r X r , 

where the a's, b's, and c's denote arbitrary parameters, and by e a the 
operator 

(1 + « + £ + 'i + ■ ■ •)/ = /+ «/+ £/ + £/ + • - • , 



2! ' 3! 

wherea" + 1 /=a(a"'/)- 
Let 



and let 



X=2,6(a) 



3x,. 



x' t = x i + tXx i + ?-X*x t + ! r X 3 x i + . . . = e>* x t 

(2 = 1,2 . . . n). 

Since the x"-s are functions of t, any function of the x n s,f(x' 1 . . . x' n ), 
is also a function of t. And we have 

f(x\ . . . x' n ) 

-L/^)J.-o+^ rf< J,_, + 2lL <*f ]=o + 3!L d? J (=0 + -'- 



But 



(i = l, 2 . . . n). 

df(x') _ idfg)d^ = ^^ W) = x , /(i0> 



rf« 



i 3 a;', dt i 



9x\ 



where X' denotes the result of substituting the accented for the unac- 
cented variables in X. Therefore 

= Lf(xlV-o+tlxy(x')^ +^[X'y(xn--o+^[xy(x')i^+. . . 



=/(*) + tXf(x) + t x»f(x) + |j X*f(x) + . . 
= e' x f(Xi . . . x n ). 
Consequently, if 



we have 



*Xj i • ■ fj «*-J 

(i = 1, 2 . . . n), 

f (x\ . . . x' n ) = e"f (x x . . . x n ) 
(i=l, 2 . . . n). 
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Let now 

x\ =/((«i . . . x n , «i . . . a r ) — e a x< 
(i = 1, 2 . . . n), 
and 

*" =/« (z'i •••*'»> *i • • • K) = «^'«'i 
(i = 1, 2 . . . n), 

where /3' denotes the result of substituting the accented for the unaccented 
variables in the X'a which appear in the operator /3. Then, by what 
precedes, we have 

«!'i=f i {3f x ■ ■ . x' n , h . . . b r ) 

— e a /i(*i • • • x n, h • ■ ■ K) = e" (ef>x,) 
(i = 1, 2 . . . n). 

Let the operator e"eP be defined as follows : 

= (1 + (a + 0) + i(a 2 + 2a£ + /3 2 ) + i<V + 3a 2 /3 + 3a/3 2 +/3 3 ) + . . .)/ 

= /+ (a + )8)/+ 1 (a*+2a|8 + |8*)/+ ^j (a 3 +3a 2 /? + 3a/3 2 +/3 8 )/+. . • 

Then 

(e a e^) x t = e a (e^i) 

(i - 1, 2 . . . n), 
and therefore 

z", = (e« e J») x 4 

(4=1, 2 ...«); 
thus e'e* 3 denotes the result of the composition in the order named of the 
transformations denoted by « a and efi.* 

By § 2, page 94, the transformation inverse to e a is e~ a . Let 8t 
denote an infinitesimal constant. Since the transformation e a + w v is 
infinitely near the transformation e", the transformation e~ °-e a + &t v 
is an infinitesimal transformation. If we denote its parameters by 8 1 b t , 
&tb 2 . . . 8 tb r , we have 
e~ a e a + Sl v 

= l + 8t{y--(a, y) + - (a, (a, y)) - jj (a, («, (a, y))) + ...} + ... 

= e *V = ! + St /3+ . . . 

in which (a, y) denotes the alternant ay — ya; and neglecting infinites- 
imals of the second and higher orders, we have 

(26) (J = y - 1 (a, y) + ~ (a, (a, y)) - ± (a, (a, (a, y))) + . . . 



* Cf. Campbell : Proc. London Math. Soc, XXVIII. 381-390. Also Poincare : 
Comptes Rendus, Mai 1" 1899. 



100 



PROCEEDINGS OF THE AMERICAN ACADEMY. 



By supposition y = 1j c, Xj ; and since the r infinitesimal transformations 
1 

X x . . . X r satisfy the Lieschen criterion, 

r r r 

(a,y) = (IfijXj, \c k X k ) = ^l(a x c 2 — a^dy + (aiC s — a s Ci)c lsj + . . .] Xj. 

Whence it follows that (a, (a, y)), etc., are linear in X t . . . X r . It is 
to be observed that each term in the right member of (26) is linear iu 
Ci . . . c r . Since X x . . . X r are independent, the coefficients of cor- 
responding X's in the two members of (26) are equal. Therefore 

h = Cn C\ + G 12 c 2 + . . + G lr c r , 

b 2 = #21 c i + #22^2 + • • • + G 2r c r , 

(27) 

b r — G rl c 1 + G> 2 c 2 + ... +G rr e r , 
in which the G's are integral functions of a x ... a r .* 

Let the determinant of the G's be denoted by A, that is, let 



A = 


Gu, "12 • • • G lr 




"21 1 "22 * * * "2r 




G r l, «> 2 ■ ■ ■ (*rr 


The symbolic equation 


e -* e a. + Uy _ g Stp 


may be written 


e * e W _ e «+«v. 



If A 4: we may take b L . . . b r arbitrarily, and by means of equa- 
tions (27) determine the c's to satisfy this symbolic equation ; in which 
case 

Cl = — 5 1 + — 5 2 +. . - + ^K, 

A, 



■An l . -"22 I . , "2r I 

c 2 = — - hi + — b 2 + . . . + — - b r 



(28) 



-A r i , A r2 A rr , 

c r = ~bi + ~b 2 + . . - + —K, 



* Schur and Engel. See Transformationsgruppen, III. 754 et seg. and 788 et seq 
See also These Proceedings, XXXV. 584, 585. 
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where A is the first minor of A relative to G , and thus the A'a are 
integral functions of (1^,0% . . . a r . Consequently, if A Jf 0, the com- 
position of the transformation e a and an arbitrary infinitesimal transforma- 
tion e gives a transformation e x ^~ Y , infinitely near the transformation 
e a , and generated by an infinitesimal transformation. Let e a ^ ly be 
denoted by e" 1 , that is, let e" 1 = e a+ v , where 

o-i = a + o t y = a x X 1 + a 2 A 2 + . . . + a r X r . 

Applying the infinitesimal transformation e ^ repeatedly, we thus obtain 
the equations 

e a ' = e a e Sm , 

e a * = e a >e s <P = e a e mi3 , 
«- = «■« ««"• = «««*» 



= e °n-l e *<f> - e a e » 



For n infinite, n 8 1 is finite, and may be taken equal to unity ; thus 

e " = e e . 

Consequently, if A does not vanish for any system of values of a x . . . a„ 
in which case A is a constant,* then the composition of an arbitrary 
transformation e a with finite parameters with an arbitrary transforma- 
tion e" ® = e with finite parameters, gives a transformation of the group 
with finite parameters which is generated by an infinitesimal trans- 
formation. 

The form of A depends only on the structural constants, and thus A is 
the same for all groups of the same structure. Therefore, if the A cor- 
responding to a given structure is a constant, the composition of two 
arbitrary transformations of any group of this structure gives a transfor- 
mation of the group with finite parameters, that is, a non-singular 
transformation of the group, and consequently every group of this 
structure is continuous. f 

If the A corresponding to a given structure vanishes for certain systems 
of values of a t . . . a,., some groups of this structure may be continuous 
and others discontinuous. For example, the two groups G 2 and C 2 ', con- 
sidered above, page 92, both have the structure (X lt X 2 ) — X x . The 

* For complex groups A is either unity, or else vanishes for certain systems of 
values of «! . . . a r . See the expression for A as a product on page 104. 
t This criterion of continuity is due to Professor Taber. 
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e" 2 — 1 

determinant A corresponding to this structure is A = , and this 

a 2 

vanishes for a 2 an even multiple, not zero, of tr -\/— 1. Nevertheless 

the group G^ is continuous, whereas the group Gg is discontinuous. 

The symbolic equation e" 1 = e a+ ly is equivalent to the system of 

equations 

a k = "k + otc k 

(k = 1, 2 . . . r), 

which define the infinitesimal transformation of the parameter group. 

But the infinitesimal transformation of the parameter group is defined by 

the equations r 

a* = «*+ 2,£ w (a)ft,8< 

(k - 1, 2 . . . j).* 
Therefore 

r 

c k = S, f w (a) ft, 
(ifc = 1, 2 . . . r). 

If A 4= 0, equations (28) give 

. _ 5 A' i 
«* - *, A »* 

(i = 1, 2 . . . r). 

Therefore, if 3i . . . 2l r denote the symbols of infinitesimal transforma- 
tion of the parameter group, we have 

r 3 r A; 3 

1 i 9a t i A 3 a k 

(J = 1,2 . . . r).t 

To illustrate what precedes, consider the two-parameter structure 
Equation (26) gives 

ftl -X + ft 2 ^2 = «1 -Xl + C 2 Xg — ^-j («1«2 — «2«l) -Xl — g^i («lC2 — «2<?l) -Xj 

a' 2 a 8 

— jy («i c 2 — a 2 c t ) -Xi — ~ (a x e 2 — a 2 Cj) Xj — . . . 

whence follows 

e H — 1 «i , „ , . 

fti = Ci j- (e - — a 2 — 1) e 2 , 

(29) ff2 a2 

ft 2 = c 2 . 

* Transformationsgruppen, I. 55, 65. 

t Engel and Schur, Transformationsgruppen, III. 754 et seq. and 788 el seq. 
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Consequently 

A = 



a 2 
0, 



£(,«._ a ,_l) 



For a 2 an even multiple, not zero, of it \/— 1, A vanishes. Thus it is 
possible that some group of the above structure shall be discontinuous. 
Equations (29) give 



(30) 



* = -~-, lh + £ (e">~ a 2 - 1)6,] = % i y («) h, , 
e 2 — 1 "2 i 



Co = b« 



= fj £v 0) h • 
Therefore the infinitesimal transformations of the parameter group are 

a — ° 2 5 
* I — a «._l3a x - 

_ ai (e"-a t -l) 9 9 

2 — a 8 (fl"-l) 9(1^9^- 

As a second example, take the three-parameter structure 

(X 1; X 2 ) = 0, {X u X 3 ) = 0, (X 2 ,X3)=^. 
Equation (26) gives 

by X t + b 2 X 2 + b 3 X 3 = c x Xj + c 2 X 2 + c 3 X 3 — % (a 2 c 3 — a s c 2 ) X^ . 
Therefore 

t>i = c x + 2"C 2 — -c 8 , 



(31) J 


'2 = 


C 2 ) 








and 

A = 


1, 


c s » 


«3 

2' 


rt 2 


= l. 




o, 




1, 









o, 




0, 


l 




Whence it follows that all groups 


of the above structure are continuous. 


Equations (31) give 
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(32) 



ci = h - - 3 6 2 + -| b 3 = 2 j tjj (a) hj , 
c 2 = h =2j$ v (a)bj, 



c, = fi s 



= ^ji SJ (a)b J . 



Therefore, the infinitesimal transformations of the parameter group are 

2 3 «! 3 a 2 ' 

2 <y o^ 3% 

By means of the methods explained above, I have examined the deter- 
minant A, and the adjoined group, corresponding to all possible types of 
structure of two-, three-, and four -parameter complex groups,* and the 
results are summarized in the table on pages 591-597, Vol. XXXV. 
of These Proceedings. For all types considered, the several elements 
(a, y), (a, (a, y)), etc., of (26) were calculated, and the A determined 
by the actual summation of the resulting series. Since making these 
calculations, Professor Taber has discovered a method of obtaining A 
immediately from (a, y) ; t namely, we have 



( a >y) 



'-12j 



+ 



&3, C 3 



a 2 , o 2 
Let, now, <£ denote the matrix 

f — 2o,c, n , —%ajc j21 . 

— 2«,C, 12 , — 50,0,28 . 



t-i;y 



+ 



y, 






< — So<c, lr , 



"j'Jlr 



2,jCl]Cj rr . J 



Tlien A is the determinant of the matrix 



• ; that is, if p 1 . . . p r are 



the roots of the characteristic equation of cf>, A = IL I ). The 

i \ Pi J 

* These structures are enumerated by Lie on pp. 565, 571, 574-589, Continuier- 
liche Gruppen; and also on pp. 713, 716, 723-730, Transformationsgruppen, III. 

+ This method had previously been given by Professor Engel. See Transfor- 
mationsgruppen, III. 788. 
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constituents of A are integral functions of the constituents of <^>, and 
therefore integral functions of a x . . • a r . * 

In every case for which the determinant A vanishes for certain systems 
of values of a x . , . a r , I have found at least one group of the corre- 
sponding structure which is discontinuous. 

I have also determined the infinitesimal transformations which generate 
the parameter group corresponding to each structure enumerated in the 
above mentioned table ; but since the symbols are in many cases very 
complicated, and are of no especial interest in themselves, I have not 
given them. 

§ 4. 

In this section let the variables and parameters be restricted to real 
values. We will then consider the continuity of real groups, that is, 
groups all of whose transformations are real. 

Let x' i =f i (x 1 . . . x n , a x . . . a r ) 

(i - 1, 2 . . . n), 

in which the /'s are analytic functions of their arguments, define an 
r-parameter group of real transformations. Lie's chief theorem then 
states that r real, linearly independent, infinitesimal transformations 

U = 1, 2 . . . r) 

in the n real variables x x . . . x n , generate an r-parameter real group 
G r if and only if X t . . . X r satisfy the conditions 



(Xj , X k ) = 2 S c Jks X s 

(j, k = 1, 2 . . . r), 

where the c jks are real quantities independent of the X'z.\ 

Since the structural constants c ju must be real, there are more types 
of structure possible for real groups than for complex groups. For ex- 
ample, for the three-parameter structures 

(X lf X 2 ) = X 1 , (X 1} X s ) = 2 X 2 , (X 2 , X s ) = X s , 
and 

(X lf X 3 ) = — 2 X lt (X lt X 3 ) = X;, (X 2 , X 3 ) = — 2 X 3 , 

* Taber: These Proceedings, XXXV. 581. 
t Transformationsgruppen, III. 360 et seq. 
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the structural constants c jke are real,' and one of these structures can be 
transformed into the other, but only by means of an imaginary transfor- 
mation ; consequently these structures are distinct for real groups. 

The only possible types of structure of real or complex two-parameter 
groups are (X lt X 2 ) — X ly and (X ly X 2 ) = 0. For the structure 

e "t _ i 
(•Xi, X 2 ) =5 X u A = , which does not vanish for any real system 

of values of «i, a 2 ; consequently all real groups of this structure are 
continuous. For- the structure (Xi, X 2 ) = 0, A = 1 ,• consequently all 
real and complex groups of this structure are continuous. Therefore all 
two-parameter real groups are continuous. 

However, there exist three-parameter real groups which are discontin- 
uous. Thus, let 

(X x ,X 2 ) = 0, (X X ,X S ) = X 21 (X„X S )=-X U 
For this structure we have 

_ e °> v=l - 1 e -" sV:=1 -l 

% V— i — «s V— i 

and A vanishes for real values of a s , namely, when a 8 is an even multiple, 
not zero, of it. This indicates the possibility that discontinuous real 
groups of this structure may exist. The theorem in relation to the 
adjoined group, given in § 2, holds true also for real groups ; namely, if 
the adjoined of a given real group G r is discontinuous, G r itself, and all 
groups having the same structure as G r , are discontinuous. The adjoined 
group corresponding to the above structure is, however, continuous, and 
consequently not every group of this structure is necessarily discontinuous. 
Nevertheless, the group p x , p 3 , x l p i — x 3 p 1 + p s , of the above struc- 
ture, is discontinuous.* Its finite equations in the canonical form are 

x\ = * (^=1 + e~°* V:=l ) - a J^E± {e u^ _ e-^-i) 

+ x,V-i (g .,vn _ e -a s v- 1} + ^ (e « s v-i + r «,ci _ 2)> 




x 3 — x§ + (Zq 



(/8^=l + a — .♦^ _ 2), 
2 a s 



* This is one of the real groups of Euclidean movement in three dimensional 
space. Cf. Transformationsgruppen, III. 385. 
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If this transformation is denoted by T a , then from the symbolic equation 
T b T a = T c we obtain the five relations 

(27) /= 1/=1 + e~ c * V ~ l = 1 (A^ 1 + fl - s s v=1 ) (/3 vri + «-"» V31 ) 

(28) e* V=l - e~ c * i/=l = | (««• v:rl + e~ 5 * v:rT ) (« « v ~ x - <T '« vrT ) 

(29) c 3 = a 3 + 6 3 , 

(30) ^- (/3 ^ + e - r 3 V=l _ 2) _ fiV^J (/3 v=l _ e _ tt vzr 1} 



2c 3 2c 3 

= A (^ v-i + e - »,vn _ 2) _ h^EA ( / t <=i 

2 6, ' '2 A. v 



e - 



-J.V-K 



+ l(/3V-l +e - {a V_ 1) 



x ~ 






(31) ! i!-(,'.'-' +«-'.•=!_ 2) + 5^i(«'.*'-'_«-'.'=">) 



X 



f "l («-. ''- i + e - »= '- ^ _ 2 ) + ^=1 ( e "= "=I _ e - "3 v-i) 1 
I -s a 3 2 a 3 N 7 J 



+ VEI ( ^V=1__^V^ ) 



*-2a» 2c 3 v /J r 

Denoting the right-hand members of equations (30) and (31) by x and \j/ 
respectively, and solving for e 1} c 2 , c 3 , we have 
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a, + b 3 ( V^T («» fa + »J ^=l + e -i fa + M ^ 



(32) c 2 






C 3 = «8 + &8- 



If the a's and 6's are so chosen that x and ijj are different from zero, and 
a 3 -f 6 3 = 4 & w, where k is an arbitrary integer, both c± and c 2 become 
infinite. Consequently this group is discontinuous. 

On pages 106-107, 384, Vol. III., Transformationsgruppen, Lie enu- 
merates all possible types of real projective groups of the plane. I have 
examined all the two-, three-, and four-parameter groups in this list, and 
find that the groups 

Xip u x x p x — x,p 2 , x i p 1 , 
and 

Pi + *\Pl + X x X 2 p2, Pi + X 1 X 2 p 1 + X%p 2 , Xzp 1 — X l p 2 , 

and these only, are discontinuous. 

The first of these groups is the special linear homogeneous real group, 
and has the structure 

(X l , X 2 ) = — 2 Xi, (X y , X 3 ) = Xj, (X 2 , X 3 ) = — 2 X 3 . 
The determinant A corresponding to this structure is 



e 



,2 Va>, + »,» s _ j ~ 2 tV 2 + «,«, _ j 



2 V^ + "i °8 — 2 -\/« 2 2 + ai a s 
This vanishes if the a's are so chosen as to satisfy the condition 

a 2 . 2 + a t a 3 = — k 2 tt 2 , 

where X- is an arbitrary integer.* 

The second of the above groups has the structure 

(Xi, Xn) = X s , (X l9 X 3 ) = — X a , (X 2 , .X3) = X x . 

The A corresponding to this structure is 

* The special linear homogeneous complex group has been shown to be discon- 
tinuous by Professor Study, Leipziger Beriehte, 1892 ; and the real group by 
Professor Taber, Bull. Am. Math. Soc, April, 1896. The general linear homogene- 
ous (real or complex) group is continuous. Thus a group may be continuous and 
yet have a discontinuous sub-group. 
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e V- («*, + « 2 2 + "h) _ l g - v - ("\ + «S + «\) _ i 

A = ■ 



V— (« 2 i + « 2 2 + d\) ~ V— {a\ + a 2 2 + a%) ' 

and this vanishes if the a's satisfy the condition a\ + a 2 2 + a 2 3 = 4 i a it 2 , 
where k is an arbitrary integer. The adjoined of this group is 

d d d d d 3 

9« 8 c/«i o'«2 >y«3 c>«i 5a 2 

and is discontinuous. Consequently, every group of this type is discon- 
tinuous. 

In the table on pages 391-397, Vol. XXXV., of These Proceedings, 
as mentioned above, I have marked by an asterisk those types of 
structure for which all real groups are continuous ; and by a dagger 
those types of structure for which I have found at least one real group 
that is discontinuous. 



